I. INTRODUCTION
Doppler-free spectroscopy in atoms and molecules [1, 2] provides an exquisite tool to perform numerous high-precision measurements.
This elegant technique has been demonstrated using several approaches including saturated absorption and dispersion spectroscopy [3] [4] [5] [6] , polarization spectroscopy [7] , dichroic atomic-vapor laser lock (DAVLL) [8] , selective reflection [9] [10] [11] or twophoton spectroscopy [12] [13] [14] .
Saturated absorption spectroscopy has revealed to be a very helpful technique to explore fundamental aspects including the accurate measurement of molecular spectra [3, 4, 15, 16] , the observation of quantum fields and special relativistic effects [17] [18] [19] [20] [21] or the study of atomic and molecular kinetic processes [22] [23] [24] .
Simultaneously, due to its relative simplicity and reliability, Doppler-free spectroscopy has been widely used in many physical experiments for laser frequency stabilization. Fractional frequency stabilities in the 10 -13 -10 -11 range at 1 s integration time have been demonstrated with cell-stabilized lasers using saturated absorption spectroscopy [25] [26] [27] . Based on similar physics and technologies, lasers frequency-stabilized to molecular lines have demonstrated remarkable performances with instability levels in the 10 -14 and 10 -15 range at 1 s and 10 4 s respectively [28] [29] . These results have induced great success for the production of compact optical frequency standards, including their recent deployment in space missions [30] , optical communications [31] , multi-wavelength laser interferometry [32] , portable length standards [33] and compact fiber frequency synthesizers [34] .
The usual light-field configuration for saturated- In a recent study [35] , dual-frequency sub- has allowed to improve significantly the frequency stability of a diode laser [35] , contributing to improve the performance of Cs cell atomic clocks [36, 37] .
A theoretical analysis of the DF SDS technique has been reported in [38] . This study has 
II. THEORY A. Problem statement
We consider an evacuated (no buffer gas) vapor cell placed in the field of two laser beams propagating in opposite directions along the quantization axis z (see sketch in Fig. 1 ). Each of the beams in turn consists of two monochromatic plane waves:
c.c. axis, while polarizations of the other two waves (E 3 and E 4 ) are oriented at an angle with respect to the x axis. Therefore, in the spherical basis, we can write [39] :
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where complex vectors e ±1 are spherical basis vectors responsible for  + and  -optical dipole transitions in the atom.
Polarized light waves induce electric dipole transitions in alkali atoms, as shown in Fig. 2 . Note that, for simplicity, Fig. 2 does not reflect the degeneracy of hyperfine levels over magnetic
Zeeman sub-levels with quantum numbers m a = - The theoretical analysis is based on the standard density matrix formalism for a single atom, moving in gas. Interactions between atoms at low pressure gas do not affect seriously the signal and are omitted. The kinetic equation for the atom density matrix  has the Lindblad form (e.g., see [5, 40] ):
Here z z     ,  is the projection of the atom velocity on the z axis. effect is not relevant for our study and is neglected.
All explicit expressions of the operators included in (4) are reported in the Appendix section.
The density matrix can be expanded into series of nine matrix blocks: 
  line.
The light-field intensity change due to absorption in the cell can be written formally as the Beer-Lambert law:
where I 0t is the total intensity before the cell and OD is the optical density of the medium such that: Thus, should reflect the same oscillations.
However, the cell length L is assumed to be much smaller than the period of these oscillations, i.e. 12 16.3
Consequently, assuming a small optical density, the light intensity recorded by the photodetector can be written as:
where stands to consider possible intensity losses on optical elements of the setup. The absorption coefficient can be expanded into two parts:
with:
and
Re Tr
Here "sinc" is the un-normalized sinc function. The
in (13) 
B. Spatial oscillations of the sub-Doppler resonance height: Qualitative treatment
Spatial oscillations described in (6) play an important role in our study. The origin of these oscillations can be easily understood on the basis of a simple -scheme, considered briefly in the following. We assume intensities of co-propagating light waves to be equal, i. 
The spatial phase . This dark state leads to a low level of light-field absorption in the medium [44, 45] .
At the same time, E 3 and E 4 waves pump the atoms with '≈ -/k into another non-coupled state:
Similarly, light waves E 3 and E 4 experience small absorption in the cell due to the CPT phenomenon for the resonant velocity group of atoms '≠.
Let us now consider the in-resonance regime ≤  res . In this case, all the light waves E 1, 2, 3, 4 interact with the same atoms ('=) leading to some kind of "competition" between (16) and (17) states. The result of this competition depends on several factors and leads to the observation of increased or decreased level of the light-field absorption at the resonance profile center. The decreased vapor absorption (increased vapor cell transmittance), i.e. the regular saturated-absorption transparency peak, takes place when both noncoupled states are "parallel":
As seen from (16) and (17), this may happen when:
The "parallelism" of NC states means that both states are dark states for the total light field in the cell. At the opposite, if both non-coupled states are orthogonal, i.e.
the reduction of absorption due to CPT does not occur and the medium intensively scatters photons from the resonant light field, leading to significantly increased absorption (or reduced transmission) of the cell. This happens when:
In particular, if the polarization configuration of the waves is fixed (=/2) as well as the relative phase  12 , the observation of increased or decreased vapor cell absorption will then depend on the position of the cell along the z axis. To illustrate this, a sketch is drawn on Fig. 3 where nodes and antinodes of the light-induced fluorescence depend on the cell position. To check this effect in experiments, the cell position can be fixed at z=z c , while the position of the mirror "M" is changed. This approach is equivalent to change the phase  12 .
Spatial oscillations discussed here are attributed to hyperfine CPT states in contrast to Zeeman-CPT states which do not depend on the phase  12 .
Indeed, an optical dipole transition between two degenerate energy levels F a =F→F 3 =F (a = 1 or 2)
can be also reduced to a regular -scheme to perform a qualitative theoretical analysis.
In contrast to the previous case, the two ground sub-levels 1 and 2 have equal energies, belonging to a common hyperfine level F (F=4 for Cs atom). These levels are excited by light waves having wave vectors with equal absolute values.
This circumstance leads to the following noncoupled states:
with  is angle between linear polarizations of counter-propagating waves. Similarly to the qualitative analysis provided before, both states (22) and (23) We have shown that Zeeman-CPT as well as hf-CPT effects can provide the observation of the subDoppler resonance with enhanced absorption. An obvious prospect is then to predict how to make these two nonlinear effects work and add together.
The simple -scheme considered in this subsection and in previous studies [35, 38] cannot help to solve this problem. Thus, considering the real structure of atomic energy levels is a natural and rigorous approach to take into account the contribution of both Zeeman-CPT and hf-CPT effects. This approach will also reflect the influence of other nonlinear effects such as for example spontaneous anisotropy transfer from excited to ground states.
The precise consideration is based on the density matrix equations (see Section II-A and Appendix).
The results of numerical calculations for the real structure of atomic energy levels and their brief discussions will be provided in the next section.
We should note that the analysis and effects presented in this subsection have many in common with those discussed in [46] [47] [48] for the hf-CPT effect and in [49, 50] for the Zeeman-CPT effect.
However, these previous works aimed to study sub- 
where A 0 is the height of a sub-Doppler resonance 
C. Analysis of the high-contrast effect
Let us analyze contributions W 0 and W z in (13), in order to reveal their physical meaning and their influence on the total light field absorption in the cell under different physical conditions. In our following calculations, we use typical parameters for such Doppler-free spectroscopy experiments [35, 38] , with the original specificity that a miniaturized cell is considered. We consider the real structure of Cs D 1 line with =894.6 nm,
=2×4
.56 MHz, F 1 =3, F 2 =4 and F 3 =4 (see Fig.2 ). the resonance sign, we observe that the latter becomes narrower and with a higher contrast.
Influence of the light wave polarizations and phases
We focus here on the analysis of both contributions W 0 and W z from (13), being defined as both parts of the absorption coefficient. Fig.5a 
Influence of the transition openness
Consider now the SF regime, when only the 2 → 3 transition is excited by both counter-propagating light waves (see Fig. 2 ). This approach will help to explain the absence of a sign-reversal effect in Nevertheless, we will see later that the 1 → 3 transition plays the specific role of a population repumper. The latter cannot be excluded from our consideration and will be discussed further. While the Zeeman-CPT effect contributes to the creation of the peak creation in W 0 in Fig.5a , another mechanism, the regular optical pumping effect, prevents the change of the resonance sign (compare solid green and dash-dotted blue curves in This condition is the best one to destroy the CPT state of the atom at the resonance center (≤ res ) and then to increase the level of the light field absorption. It is well shown in Fig. 7 that the intensity imbalance affects the strength of the central peak. In all cases, the latter can be however well observed. 
Influence of the imbalance between counterpropagating light wave intensities

Influence of an ambient static magnetic field
III. MEASUREMENTS AND COMPARISONS WITH THEORY A. Setup
The heart of the experiment, shown on Fig. 9(a) , is a Cs vapor micro-fabricated cell analog to the one described in [52] [53] [54] . Figure 10 shows typical Doppler-free spectroscopy spectra detected in the micro-fabricated cell using the single-frequency (SF) or the dual-frequency (DF) regimes for a cell temperature of 60°C. In the SF regime, we observe the standard saturated absorption spectroscopy feature with increased transmission of the light through the vapor when the laser frequency is resonant with the atomic optical transitions. In the DF regime, as reported in [35] with cm-scale cells, a significant sign-reversal of the Doppler-free dip is observed and a narrow and high-contrast absorption spike can be observed with enough laser power. MHz in the DF case for the same laser power (see Fig.12a ). The narrowest sub-Doppler resonance in the DF regime is measured to be 13.75 MHz (P =
B. Measurements
W).
In the DF regime, experimental data are well fitted by numerical calculations. In the SF regime, the observed discrepancy between experience and theory (solid pink curve and red triangles in In general, the resonance linewidth in both SF and DF regimes exhibits a well-known square-rootlike dependence [1, 2, 55] :
with G being the effective saturation parameter. At 
with  eg =+/2, and  and  being the time-of-flight and spontaneous relaxation rates respectively. The coefficient of openness is determined as b=1-where  is the branching ratio of the transition.
It was shown in [56] that the transition openness significantly broadens the Bennett hole [1, 2] and consequently the sub-Doppler resonance.
Qualitatively, this effect can be understood by replacing G in (25) 
where Dop  is the Doppler HWHM. Note that the first square root in (28) contains the coefficient  which stands for the open-system case, so that it should be considered to be much higher than unity.
Erfc [y] in (27) is the complementary error function.
The derived analytical expression (27) qualitatively agrees with the measurement results shown in 
IV. CONCLUSIONS
We have developed an extended and detailed other miniature OFR architectures [57] [58] [59] [60] . Note that by using Rb instead, the laser source could be based on a frequency-doubled telecom laser [61, 62] , benefiting from the improved availability reliability and reproducibility of telecom-band lasers and optics. 
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APPENDIX
Let us provide explicit expressions for the operators from (4). The free-atom Hamiltonian can be written as:
where  a are the energy of a-levels with a = 1, 2, 3
according to the notations introduced in Section II-A (see Fig.2 ).
The Hermitian light-atom interaction operator ˆE V has the form: † 31 † 32
In the rotating-wave and electric-dipole approximations, the matrix blocks in (A2) are:
with R i the Rabi frequencies and
4) the dimensionless interaction operators.
According to the Wigner-Eckart theorem, we have:
where j ξ is the j-wave polarization vector from (2), 
with (…) the 3jm-symbols [39] .
The matrix form of the magnetic-field
Hamiltonian ˆB V is: 
Where J e,g are the total angular momenta of electrons in atom in excited (e) and ground (g) states, I n is the nuclear spin and {…} stands for the 6j-symbol [39] . 
where  is the time-of-flight relaxation rate, 
where (2I n +1)=2(F 1 +F 2 +1) is the total number of magnetic sub-levels in the ground state of atom.
Following the harmonic expansions (6)- (8), we can write for the optical coherences (see also [5, 38] ): 
